We consider profinite groups as 2-sorted first order structures, with a group sort, and a second sort which acts as an index set for a uniformly definable basis of neighbourhoods of the identity. It is shown that if the basis consists of all open subgroups, then the first order theory of such a structure is NIP (that is, does not have the independence property) precisely if the group has a normal subgroup of finite index which is a direct product of finitely many compact p-adic analytic groups, for distinct primes p. In fact, the condition NIP can here be weakened to NTP2. We also show that any NIP profinite group, presented as a 2-sorted structure, has an open prosoluble normal subgroup.
Introduction
We view a profinite group G as an inverse limit of a given system (H i ) i∈I of finite groups, so equipped with a specified family (K i : i ∈ I) of open subgroups of finite index. We present G as a structure G in a 2-sorted language L prof with sorts G, I, with the group language on G, a partial order ≤ on I, and a relation K ⊂ G × I so that for each i ∈ I, K i := {x ∈ G : G |= K(x, i)} is an open subgroup of G, and {K i : i ∈ I} is a basis of neighbourhoods of 1 in G; for i, j ∈ I we have i ≤ j if and only if K i ≥ K j . We shall say that the 2-sorted profinite group G = (G, I) is full if {K i : i ∈ I} consists of all the open subgroups of G.
The implication (2. ⇒ 3.) is trivial and (3. ⇒ 4.) well-known, as pointed out above. It is thus left to show (1. ⇒ 2.) and (4. ⇒ 1.). Part (1. ⇒ 2.) of Theorem 1.1 consists essentially of the following proposition, which follows from known results, especially those of du Sautoy in [6] . The structure Z an p is an expansion of the p-adic field by restricted analytic functions, and is described at the start of Section 3. It was introduced by Denef and van den Dries in [4] , who proved that it has quantifier elimination once an additional binary divisibility function is added to the language. For the definition of a uniformly powerful pro-p group, see Section 2. Proposition 1.2. Let G be a full uniformly powerful pro-p group. Then G is interpretable in the structure Z an p , whence Th(G) is strongly NIP.
We recall briefly some background. Following the usual convention, we say that a set X ⊂ G (topologically) generates the profinite group G if the abstract subgroup X (group-theoretically) generated by X is dense in G, and say that G is a finitely generated profinite group if X can be chosen to be finite. If G is a finitely generated profinite group then d(G) denotes the cardinality of the smallest generating set for G, in the above topological sense. If G is a profinite group and X ⊆ G, we writeX for the topological closure of X in G. The profinite group G is said to have rank r if every closed subgroup of G has a topological generating set of size r, and r is minimal with this property. To avoid confusion with this rank, the model-theoretic rank mentioned earlier is always called dp-rank.
Note that any compact p-adic analytic group has the structure of a profinite group. In fact (see [5, Corollary 9 .36]) a topological group is a compact p-adic analytic group if and only if it has an open subgroup of finite index which is a pro-p group of finite rank.
It is immediate that every open subgroup of a profinite group has finite index. The following is a converse for finitely generated profinite groups, and was proved in the pro-p case by Serre [20, Section 4.2, Exercise 6] and in general by Nikolov and Segal [16, 17] . It is used occasionally in Section 4, but the uses are probably not essential. Theorem 1.3. Let G be a finitely generated profinite group, and H ≤ G. Then H is open in G if and only if |G : H| is finite. Example 1.4. We mention two similar-looking examples of profinite groups, which, viewed as 2-sorted full profinite groups, both fail to be NIP, but for slightly different reasons. The first is the pro-p group G 1 := C p wrZ p which has a closed subgroup (the base group, a Cartesian power of C p ) which is not topologically finitely generated. Thus, as a full profinite group G 1 is not NIP, or even NTP 2 , by Lemma 4.3. The second is the following 2-generator group mentioned at the end of Chapter 5 of [19] . Let p be a prime, and let (q i : i ∈ N) be a sequence of distinct primes such that p i |q i − 1 for all i. Let C be the Cartesian product of the cyclic groups C qi . Then Z p has a natural action on C, and the profinite group G 2 = C ⋊ Z p has rank 2. Now finite rank pro-p-groups are p-adic analytic (and so are NIP if presented as full profinite groups), but finite rank full profinite groups need not be NIP. The group G 2 , presented as a full profinite group, is not NIP, by the Claim in Section 4 below. Note that G 2 is not virtually pronilpotent, but is prosoluble. It would be interesting to see whether either G 1 or G 2 could be presented as a 2-sorted (but not full) NIP profinite group.
On the other hand, compact p-adic analytic groups are all NIP when presented as full profinite groups. Examples include the groups (Z p , +) and SL 2 (Z p ), which are compact and semi-algebraic, that is, definable in the p-adic field Q p in the language of rings. For p > 2, the graph of the p-adic exponential function (pZ p , +) → (1 + pZ p , ·) is a compact p-adic analytic group. It is not semi-algebraic, but in the 'analytic' expansion Z an p of Z p (see Section 3), it is isomorphic to a semi-algebraic group, namely (Z p , +). Section 2 of the paper contains some background on p-adic analytic groups, and we prove Proposition 1.2 in Section 3. Section 4 contains the remainder of the proof of Theorem 1.1. There is some further discussion in Section 5. We show there that any NIP profinite group (without a fullness assumption) has a prosoluble open subgroup of finite index (Proposition 5.1).
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Background
We give a rapid introduction to p-adic analytic groups, taken from [5, Chapter 9] . First, if V ⊂ Z is a function, and y ∈ V , then f is analytic at y if there are F 1 , . . . , F s ∈ Q p [[X 1 , . . . , X r ]] for i = 1, . . . , s and h ∈ N such that f i (y + p h x) = F i (x) for each i = 1, . . . , s and x ∈ Z r p . We say f is analytic on V if it is analytic at every point of V .
If X is a topological space, then a p-adic chart of dimension n of X is a triple (U, φ, n) where U is an open subset of X, and φ is a homeomorphism from U onto an open subset of Z n p . The charts c = (U, φ, n) and
are analytic on φ(W ) and φ(V ) respectively. There is a natural notion of (p-adic) atlas on the topological space X, consisting of a covering by compatible charts, and an equivalence relation of compatibility of atlases: two atlases A and B of X are compatible if every chart of A is compatible with every chart of B. Finally, a Q p -analytic manifold structure on X is an equivalence class of compatible atlases on X, and such a structure is called a p-adic analytic manifold.
If G is a topological group, then G is a p-adic analytic group, or p-adic Lie group, if G has the structure of a p-adic analytic manifold such that the maps G × G → G and G → G, given by group multiplication and inversion respectively, are analytic.
If H is a subgroup of the group G and n > 0, put H n := {h n : h ∈ H} . Recall that if G is a pro-p-group, then G has a series of closed normal subgroups (the 'lower p-series
If G is a finitely generated pro-p-group theb the P i (G) form a base of open neighbourhoods of the identity -see e.g. [5, Proposition 1.16(iii)]. The pro-p group G is said to be powerful if p is odd and G/G p is abelian, or if p = 2 and G/G 4 is abelian. It is uniformly powerful if (i) G is finitely generated, (ii) G is powerful, and (iii) |P i (G) : P i+1 (G)| = |G : P 2 (G)| for each i. A major theorem of Lazard [13] states that a compact topological group is a padic analytic group if and only if it has an open subgroup which is a uniformly powerful pro-p group. Building on this, we have the following characterisations, combining the work of Lazard, Lubotzky, Mann, Segal, and Shalev.
Theorem 2.1. Let G be a pro-p group. Then the following are equivalent.
(i) G is a compact p-adic analytic group.
(ii) G is finitely generated and has a uniformly powerful subgroup of finite index.
(iii) G has finite rank.
(iv) G has polynomial subgroup growth, that is, there is α > 0 such that for each n > 0, G has at most n α open subgroups of index n. (v) G is finitely generated and does not involve arbitrarily large wreath products of the form C p wrC p n .
(vi) G is isomorphic to a closed subgroup of GL d (Z p ) for some suitable d.
Proof. See for example Theorem 5.11 of [12] , together with the main theorem of [21] for (v).
We will only be using the characterizations given in parts (i)-(iii). Parts (iv)-(vi) of the last theorem are not used in this paper. Note that by Theorem 1.1, we may now add to Theorem 2.1 the model-theoretic characterisation (vii) the full profinite group G = (G, I) is NIP.
3 Proof of Proposition 1.2.
We first recall the main results of Denef and van den Dries [4] on the structure
m is a multi-index, then we put |ν| := ν 1 + . . . + ν m . Let Z p {X} denote the ring of all formal power series Σ ν∈N m a ν X ν where a ν ∈ Z p for each ν and |a ν | p → 0 as |ν| → ∞ (here |a| p denotes the p-adic norm of a).
The language L an D contains for all m ∈ N an m-ary function symbol F for each F (X) ∈ Z p {X}, a binary function symbol D, and a unary relation symbol P n for each n > 0. We interpret Z p as an L an D -structure as follows: we interpret P n by the set of non-zero n th powers for each n, the m-ary function symbol F by the function induced by F (X) (which converges on Z [7, Theorem A], the theory of Q an p is P -minimal, in the sense of [9] . By [9, Proposition 7.1], any P -minimal theory is NIP. By 7.3, 7.9 and 7.10 of [1] , the structure Q an p is dp-minimal, that is, of dp-rank 1, and so is strongly NIP.
In order to prove Proposition 1.2 it suffices by Theorem 3.1 to prove that if G is a uniformly powerful pro-p group, then G together with its family of open subgroups is definable in Z an p . This is essentially contained in Section 2 of [6] , though it is not stated in this form, so we sketch the arguments from there. (Du Sautoy has a different goal, namely to show that certain Poincaré series enumerating subgroups of given finite index are rational.)
Observe ([6, Definition 1.11]) that if G is a pro-p group, then G admits a natural action by (Z p , +): for λ ∈ Z p and g ∈ G, put g λ := lim n→∞ g an , where (a n ) is any sequence from Z with limit λ (this is well-defined). Also, we define ω : G → N ∪ {∞} by putting ω(g) = n if g ∈ P n (G) \ P n+1 (G), and ω(1) = ∞. The function ω is analogous to a valuation on G.
We next state a key theorem from [6] .
Theorem 3.2 (Theorem 1.18 of [6] ). Let G be a uniformly powerful pro-p-group with d(G) = d, and let {x 1 , . . . , x d } be a topological generating set for G. Then:
We summarize this as:
Furthermore, the function ω is definable in this structure.
Proof. Fix an ordered topological generating set (x 1 , . . . , x d ). By (i) of Theorem 3.2, we may identify G with an isomorphic copy of G with domain Z d p , with the group structure definable in Z an p by (ii). By (iii), ω is also definable. We shall refer to an ordered topological generating set for G of size d(G) as a basis of G. It acts as a system of coordinates for G. It remains to show that the family of open subgroups is also uniformly definable. For this we first note Lemma 3.4. Let G be a uniformly powerful pro-p group with a basis {x 1 , . . . , x d }. Then the action (described above) of Z p on G by exponentiation is definable in Z an p .
Proof. The function g :
, so interprets a function symbol of L an D and so is definable. We shall put G n := P n (G) for each n ≥ 1. For the following, see the discussion after [6, Theorem 2.1]. The map x → x p yields an isomorphism f n :
Then π n is a group homomorphism with kernel G n+1 , so induces a group iso-
With this definition we have the following: Lemma 3.6 (Lemma 2.5 of [6] ). Let G be a uniformly powerful pro-p group with
Furthermore, by [6, Lemma 2.7] , every open subgroup of G has a good basis.
We complete the proof of Proposition 1.2. So let G be a uniformly powerful pro-p group with d(G) = d, and let G = (G, I) be the corresponding 2-sorted full profinite group. Since the map ω and the Z p -action on G are definable in Z an p , it follows from Lemma 3.6 that the set of all good bases of open subgroups of G is definable in Z an p . Furthermore, again using Lemma 3.6, the set of elements of an open subgroup H is definable in a uniform way from the good basis as a parameter. Thus, there is a definable equivalence relation on the collection of all good bases, with two good bases equivalent if they are good bases for the same open subgroup, and we may identify the index set I with the set of equivalence classes of good bases. Since the relation K ⊂ G × I is definable, the structure G = (G,
4 Proof of Theorem 1.1.
As noted in the Introduction, the only non-trivial parts of the proof of Theorem 1.1 are 1. ⇒ 2. and 4. ⇒ 1..
Proof of Theorem 1.1(1. ⇒ 2.) Let G satisfy the condition (1.) in Theorem 1.1. By Lazard's Theorem (contained in Theorem 2.1), any p-adic analytic group has a uniformly powerful pro-p normal subgroup of finite index. Thus, we may suppose that p 1 , . . . , p t are distinct primes, and that for each i = 1, . . . , t, there is a uniformly powerful pro-p i -group P i , and that N := P 1 × . . . × P t is a normal subgroup of G of finite index. Let M be the disjoint union of the rings Z an pi (viewed in a language in which the rings have formally disjoint languages). Then M has finite dp-rank by [11, Theorem 4.8] and hence is strongly NIP. By Proposition 1.2, each P i is interpretable in Z an pi when viewed as a full 2-sorted profinite group. Furthermore, any open subgroup of N is a direct product of open subgroups of the P i , essentially because the same statement holds in finite groups -any finite nilpotent group is a direct product of its Sylow subgroups. Hence, easily, the full profinite group N is interpretable in M , and thus strongly NIP.
Let F := G/N . As a group, G is determined by the pair (N, F ) together with a pair (µ, f ), where µ : F → Aut(N ) and f : F × F → N are functionssee e.g. Section IV.6 of [2] . Since F is finite, the map f is definable in (N, F ) by naming finitely many constants. In addition, by [6, Theorem 1.18 (iii)], if H is any uniformly powerful pro-p group living on Z d p as in the last section, then any automorphism φ of H corresponds to an analytic (so
Thus, for each g ∈ F , the automorphism µ(g), being a tuple of such maps φ, is definable in the strongly NIP structure M . It follows that the group G is definable in a strongly NIP structure, namely the disjoint union of M and the finite structure F . It remains to check that the open subgroups of G are uniformly definable. However, if H is an open subgroup of G, then H ∩N is an open subgroup of N so is (uniformly) definable in the full profinite group N , and H/H ∩ N ∼ = HN/N ≤ G/N . Thus, there are h 1 , . . . , h e ∈ H (where e ≤ |G/N |, so is bounded) such that
Since the set of all tuples (h 1 , . . . , h e ) which yield a subgroup of G in this way is definable, and we can define when two such tuples yield the same group, the groups H are uniformly definable in the structure M , as required. ✷ Proof of Theorem 1.1 (4. ⇒ 1.) First, recall the following well-known facts. If H is a subgroup of the profinite group G we write H ≤ O G (respectively H ≤ C G) if H is open (respectively closed) in G; we adopt a corresponding notation for normal subgroups. If F is a finite group, then Φ(F ) denotes the Frattini subgroup of F , that is, the intersection of the maximal subgroups of F . Extending earlier notation, if G is a finite group then d(G) denotes the smallest size of a generating set for G. (ii) Let G be a finite group such that every Sylow subgroup can be generated
(iii) Let P be a finite p-group, with Frattini subgroup Φ(P ). The P/Φ(P ) is an elementary abelian p-group of rank d(P ).
Proof. (i) See Proposition 3.11 of [5].
(ii) See the discussion after Proposition 8.2.4 of [25] , and the references there to [14] and [8] .
(iii) This is the Burnside Basis Theorem, and is standard.
If G is a profinite group, then Aut(G) denotes the group of all topological automorphisms of G. The profinite group G is said to virtually have property P if some open normal subgroup of G has property P. By [5, Theorem 5.3], if G is a finitely generated profinite group then Aut(G) has the structure of a profinite group.
Theorem 4.2 (Theorem 5.7 of [5])
. Let G be a finitely generated profinite group. If G is virtually a pro-p-group, then Aut(G) is also virtually a pro-p group.
We will need the following general lemma. Lemma 4.3. Let G be an ∅-definable group in a structure with NTP 2 theory, and ψ(x,ȳ) a formula implying x ∈ G. Then there is k = k ψ ∈ N such that the following holds. Suppose that H is a subgroup of G, π : H −→ Π i∈J T i is an epimorphism to the Cartesian product of the groups T i , and π j : H −→ T j is for each j ∈ J the composition of π with the canonical projection Π i∈J T i → T j . Suppose also that for each j ∈ J, there is a subgroupR j ≤ G and group R j < T j withR j ∩ H = π −1 j (R j ), such that finite intersections of the groupsR j are uniformly definable by instances of ψ(x,ȳ). Then |J| ≤ k.
If the underlying theory is NIP, it suffices (for the finite bound on J) that theR j for j ∈ J are uniformly definable.
Proof. Suppose for a contradiction that this is false. Then for any l ∈ N we may find data J, H,R j etc. as in the statement, such that |J| ≥ l 2 . Choose a partition J = i∈I J i of J into finite sets J i each of size at least l, with |I| ≥ l.
For each i ∈ I, letS i := j∈JiR j , and put S i :=S i ∩ H = j∈Ji π −1 j (R j ). By our assumption, for each i ∈ I there isā i such thatS i = ψ(G,ā i ). For each j ∈ J choose g j ∈ H such that π j (g j ) ∈ T j \ R j and π i (g j ) = 1 for i = j. Note that for any i ∈ I, the elements g j with j ∈ J i all lie in distinct cosets of S i in H. Hence the cosetsS i g j ofS i in G are distinct (for distinct j ∈ J i ) and are uniformly definable by some formula φ(x,ā i g j ) with φ dependent only on ψ.
We claim that the formula φ(x,ȳz) has TP 2 . Clearly, for any i, the formulas φ(x,ā i g j ) (for j ∈ J i ) are 2-inconsistent, since they define different cosets of the same group. We shall show that if f (i) ∈ J i for each i ∈ I, then the set {φ(x,ā i g f (i) ) : i ∈ I} is consistent. This will show that the formula φ(x,ȳz) has TP 2 , for to show there areā ij (for i, j ∈ N) satisfying conditions (i) and (ii) of the definition of TP 2 in Section 1, it suffices by compactness to find arbitrarily large finite such arrays ; we get these by puttingā ij = (ā i , g j ).
So let i 1 , . . . , i t ∈ I. Observe that if j ∈ J i then g j ∈ S i . Let h ∈ H be the unique element which projects to g i,f (i) in the f (i)-coordinate for each i = 1, . . . , t, and projects to the identity in other coordinates. Then h ∈ S i g f (i) for each i = 1, . . . , t, so
If the theory is NIP and theR j are uniformly definable by χ(x,ā j ), just pick
For a finite subset F ⊆ J let h F be the unique element of H such that π j (h F ) = g j if j ∈ F , and π j (h F ) = 1 otherwise. Then h F ∈R j if and only if j ∈ F , contradicting the NIP assumption.
Lemma 4.4. Let G = (G, I) be a 2-sorted full profinite group with NTP 2 theory. Then G has finite rank (in the sense of profinite groups).
Proof. Suppose for a contradiction that G has infinite rank. Then by Proposition 4.1(i), for every k there is
) to obtain a contradiction, using the fact that subgroups P (where N k < P < G for some k ∈ N) and their finite intersections are uniformly definable.
Proof of Theorem 1.1( 4. ⇒ 1.) Now suppose that G = (G, I) is a full profinite group with NTP 2 theory. By Lemma 4.4, G has finite rank. By Theorem 1.3, we may now assume that the finite index subgroups of G are open, and so are uniformly definable in G. By Corollary 5.4.5 of [19] (extending [25, Theorem 8.4 .1]), G has normal subgroups N ≤ A ≤ G such that N is pronilpotent of finite rank, A/N is finitely generated abelian, and G/A is finite. Here, N is the pro-Fitting subgroup of G, that is, the group generated by all the subnormal pro-p subgroups of G (over all primes); it is pronilpotent, so closed. Likewise the subgroup A of G has finite index in G and so is open by Theorem 1.3, and hence is closed. Replacing G by a subgroup of finite index if necessary, we may assume G = A. We aim to show that after a further reduction we have in fact G = N and that this is a Cartesian product of pro-p j groups P j for j in some finite set J. In view of the finite rank of G and Theorem 2.1 (iii)⇒ (i) this will prove ( 4. ⇒ 1.).
By Proposition 2.4.3 of [25] , the group G/N is a Cartesian product of groups {Q l : l ∈ L}, where Q l is an abelian pro-r l group and {r l : l ∈ L} are distinct primes. Let π N denote the map G → G/N . For any proper finite index subgroup R l of Q l , the group π Again using [25, Proposition 2.4.3] the pronilpotent group N is a Cartesian product of pro-p j groups P j for j ∈ J. We may again assume that the P j (for j ∈ J) are pairwise distinct primes.
Claim The set J is finite. Proof. Suppose that J is infinite. Define
and let M be the Cartesian product of the P j for j ∈ J * . Then the supernatural numbers |M | and |G/M | (see [ [25] for background here. Each group P j is finitely generated, so has finitely many proper subgroups of each finite index, and so (by considering the intersection of all subgroups of any fixed index greater than 1) has a proper characteristic finite index subgroup R j . Let π j : M = Π i∈J * P i −→ P j denote the canonical projection. Then the group R j = π −1 j (R j ) ⋊ B has finite index in G and hence the collection of such groups and their finite intersections is uniformly definable in G. By Lemma 4.3, applied to H = M and the R j , we see that J * and consequently J are finite sets.
We may now suppose that N = P 1 × . . . × P t where each P i is a Sylow p i -subgroup of N , and G/N = Q 1 × . . . × Q t × U , where each Q i is a (possibly trivial) Sylow p i -subgroup of G/N and U is a direct product of finitely many Sylow subgroups of G/N . As before, let π N : G → G/N be the natural map and for B ≤ G/N let B := π −1 N (B). By the Schur-Zassenhaus Theorem, since the supernatural numbers |N | and |U | are coprime, we may writeŪ = N ⋊ V for some V ≤ G. By Theorem 4.2, V induces a finite group of automorphisms on N , so, replacing G by a subgroup of finite index if necessary, we may suppose V centralises N and soŪ = N × V . Since N is the maximal pronilpotent subgroup of G this forces V = 1, so we now assume U = 1. Also, for each i = 1, . . . , t let N i := Π j =i P j . Then N i ⊳ Q i and |N i | and Q i /N i are coprime, so again by the Schur-Zassenhaus Theorem we may write
Since each D i is a pro-p i -group so pronilpotent, it follows that Q i ≤ N for each i, that is, G = N = P 1 × . . . × P t . Finally, as noted above, each P i has finite rank by Lemma 4.4, so we obtain condition (1.) of Theorem 1.1 by applying Theorem 2.1 (iii)⇒ (i) to each P i . ✷
Further Observations
We consider briefly what can be said about NIP profinite groups without the assumption that they are full. It seems difficult to prove any version of Theorem 1.1 without the fullness assumption, but we obtain the following. [26] there is a formula φ(x) such that for each H ∈ C, R(H) = {x ∈ H : H |= φ(x)}.
It is now easily checked that G has a definable open normal subgroup G 1 such that for all i ∈ I, G 1 /(N i ∩ G 1 ) is soluble. Thus, G 1 is prosoluble.
It would be interesting to find more examples of NIP 2-sorted profinite groups which are not full. In particular, Chatzidakis has proposed: Problem 5.2. Find examples of NIP 2-sorted profinite groups G = (G, I), not p-adic analytic, where I is totally ordered.
The point here is that a chain I cannot witness the independence property, and also Lemma 4.3 should not be applicable. The following observation gives natural examples of non-full NIP 2-sorted profinite groups, with I totally ordered, which are p-adic analytic.
Lemma 5.3. Let G be a uniformly powerful pro-p-group, and G = (G, I) be full. Relabelling elements of I, we may suppose that ω ⊂ I, with K n := P n (G) for each n ∈ ω. Then the 2-sorted profinite group G * = (G, ω) is definable in Q an Proof. We have P n (G) := {g ∈ G : ω(g) ≤ n}. Thus, it suffices to observe that, by Theorem 3.2(iii), the function ω is definable in Q an p . We note next the following corollary of the characterisation in Theorem 1.1. 
Let L be the language of groups, and let L P = L∪{P j : j ∈ I} where each P j is a unary predicate. View each finite group H i as an L P -structure, interpreting P j by N i N j /N i . Let U be a non-principal ultrafilter on I, and let H * be an ultraproduct of the L P -structures H i with respect to U. Now each P j is interpreted in H * by a finite index subgroup P j (H * ). Let P * := j∈I P j (H * ). Then by compactness and ω 1 -saturation of the L P -structure G * , we have H * /P * ∼ = G. Furthermore, we may also view each H i in a natural way as an L prof -structure, and hence H * as an L prof -structure H * = (H * , I * ), where I ⊂ I * . Clearly H * has NIP, being interpretable in an ultrapower of G. Now H * has an elementary extension (H, J) containing an element j ∈ J such that I = {i ∈ J : i < j). It follows that I is definable in (H, J), so P * is an externally definable set in H * (see [24, Definition 3.8] ). By a theorem of Shelah ([23] , see also [24, Corollary 3.24] ), the expansion of any NIP structure by the collection of all externally definable sets is NIP. Thus, the expansion (H * , P * ) of H * , in which P * is named by a unary predicate, itself has NIP theory (though it will not be pseudofinite, due to the definability of I * ). 2. If G is a group definable in a model M of a theory T , then G
• is defined to be the intersection of the finite index definable subgroups of G.
By an easy consequence of the Baldwin-Saxl Theorem (see [24, Section 8.
Assuming that G is sufficiently saturated, the quotient G/G
• does not depend on the particular model G, and so is an invariant of T , and naturally carries the structure of a profinite group. It can be checked that if G = (G, I) is a 2-sorted NIP full profinite group with theory T , then this invariant quotient is isomorphic to G itself; this holds for example because G has finitely many subgroups of index n for each n, and they are all definable.
Recall (see [22] (this holds where G is a definable object in the structure Z an p , and hence where it is a definable object in the full 2-sorted structure G, since the finite index subgroups are the same). It follows easily from Theorem 1.1 that if G = (G, I) is any full profinite NIP group, and G is viewed as a definable group in G, then (G * ) oo = (G * ) o , and the corresponding quotient G * /(G * ) oo is isomorphic as a topological group to G.
3. If H * is the pseudofinite group arising from a NIP profinite group G = (G, I) as described in (1) 
We propose the following speculative conjecture as a version of a modeltheoretic one-based/field-like dichotomy conjecture for compact p-adic analytic groups. As above, we below view a finite group G/P n (G) as an L prof -structure, interpreting K i for i ∈ I by the group K i P n (G)/P n (G).
Conjecture 5.6. Let G = (G, I) be a uniformly powerful pro-p group, full as a profinite group. Then the following are equivalent.
(i) The ring Z p is not interpretable in G.
(ii) For every sentence σ in the language L prof , there is N ∈ ω such that either each quotient (G/P n (G), I) satisfies σ for n > N , or each such quotient satisfies ¬σ.
(iii) The group G is nilpotent-by-finite.
One intuition here is that if G is not nilpotent-by-finite, then we might hope to have [P i (G), P j (G)] = P i+j (G), or at least [P i (G), P i (G)] = P 2i (G), in which case the index set I inherits some algebraic structure analogous to Presburger arithmetic, suggesting that (ii) is false.
